Axial-symmetric magnetic field is often used in focusing of particle beams. Most existing ion Low Energy Beam Transport lines are based on solenoid focusing. Modern accelerator projects utilize superconducting solenoids in combination with superconducting accelerating cavities for acceleration of high-intensity particle beams. Present paper discusses conditions for matched beam in axial-symmetric magnetic field. Analysis allows us to minimize power consumption of solenoids and beam emittance growth due to nonlinear space charge, lens aberrations, and maximize acceptance of the channel. Expressions for maximum beam current in focusing structure, beam emittance growth due to spherical aberrations and non-linear space charge forces are derived.
( The acceptance, Eq. (1.8) , is maximized at a betatron tune shift within the range (see Fig.  3b , solid line). 
THIN LENS APPROXIMATION
If the thickness of the lens is significantly smaller than the period of the structure, , focusing properties of the solenoid can be represented by the thin lens matrix with focal length f:
, . ( 
2.1)
Consequently, the betatron tune shift per period of the structure is determined from Eq. From the condition , the stability criteria for particle oscillations is expressed as [2] . Accordingly, the acceptance of the channel is simplified from Eq. (1.8) as , (2.4) and has a maximum at the value of . In this case, , and which expresses a condition of symmetry of the channel.
The values of beta-function from Eqs. (1.6), (1.7) are approximated as , . (2.5) From Eq. (2.2), the value of can be expressed as . ( 
2.6)
Correspondingly, the values of maximum and minimum matched beam sizes are given by [2] , . 
DYNAMICS OF SPACE-CHARGE-DOMINATED BEAM
Analysis presented above gives us the ability to match a beam with negligible current. For analysis with non-zero current, , let us use the KV envelope equation for a round beam envelope in an axially-symmetric channel [2] :
where is the Larmor oscillation frequency in magnetic field, and where the first term describes oscillatory field due to variation of magnetic field B(z) along the channel , , (3.5) and the second term determines oscillating function U(R), which depends on variable beam radius R:
However, for variation of beam radius at the period of the structure is small, and function U(R) can be approximately assumed to be z -independent. Under these assumptions, according to the averaging The dynamics of the slow variable is governed by the Hamiltonian , (3.8) while the oscillatory correction is determined entirely by the properties of the rapidly varying part of the field: Therefore, Eq. (3.13) reads: The solution (3.21) describes the characteristics of a general unmatched beam, with slow variation of average radius superimposed on a fast oscillation with the period equal to the period of the structure. The relative amplitude of variation of beam envelope, , Eq. (3.22), does not depend on either the beam current or the beam emittance [5] . Analysis of space-charge limited beam current in transport systems was performed in Refs. [5, 6, 7] . A matched beam corresponds to a constant value of the average beam envelope and can be determined from Eq. (3.18) by setting
where is the matched average beam size with negligible space charge, , (3.24) and bo is the space charge parameter:
The minimum and maximum matched beam envelope sizes in presence of space charge forces are given by:
Maximum beam current is achieved when maximum beam size is set equal to the aperture of the channel , which is determined from Eqs. 
limited by values of . Enhancement of the beam current leads to a decrease in the depressed betatron tune shift [5] , (3.31) and the smooth approximation progressively approaches the exact solution of the envelope equation (see Fig. 4 ). Space-charge-induced beam emittance growth in a focusing channel is limited by the value (free energy effect [8] ):
, (3.32) where the free energy parameter depends on the beam distribution (see Table 1 ). From Eq. (3.32) it is clear that minimization of the beam radius in the channel is the way to reduce space-charge induced beam emittance growth [8, p. 315 ].
MAXIMUM SPACE-CHARGE LIMITED BEAM CURRENT
Eq. (3.30) gives an approximate value of the maximum beam current in a periodic structure. To determine a more exact value for space -charge limited beam current, consider the beam transport in drift space between lenses described by the envelope equation Consequently, expansion of the beam radius in drift space from to is determined by the integral:
The left hand side of Eq. (4.4) has a maximum value of 1.082 for = 2.35 [9] . As already alluded to above, the maximum radius is achieved in the channel at the distance equal to half of the spacing between lenses, , which in turn yields . Total change in the slope of the beam envelope at the lens has to be equal to twice the value of determined by Eq. (4.7). Therefore, the required focal length of the lenses is , and the maximum space charge limited beam current is achieved in a structure where . Such transports are usually unstable, and can be used only with a limited number of focusing elements.
From Eq. Because the value of free energy parameter is within the range of , the value of parameter b, Eq. (4.10), is larger than unit, , which indicates dominance of space charge in beam dynamics and allows us to use simplification of negligible emittance for the considered case. The value of corresponds to the emittance-dominated regime, while values of correspond to the space-charge dominated regime.
After determination of the minimal value of Rmax, the distances d1, d2 are defined by integration of equation (4.2) to establish points where the beam radius evolves from initial value of Ro to Rmax [5] :
In Eq. The described procedure allows us to perform an optimization of Low Energy Beam Transport from point of view beam size minimization and the reduction of effects associated with beam emittance growth.
SPHERICAL ABERRATION OF AXIAL-SYMMETRIC MAGNETIC LENS
Dynamics in an axial-symmetric field may be severely affected by spherical aberrations, which result in beam emittance growth. Spherical aberration coefficients are typically expressed through field integrals [10] . Analysis of the effect of spherical aberrations can be simplified by assuming particle radius does not change significantly inside the lens. Consider a single-particle equation of motion in a magnetic field .
(6.1)
The magnetic field along the structure can be represented as , (6.2) where is the longitudinal component of magnetic field at the axis. Usually it can be approximated as [11] , (6.3) where Bo is the maximum value of magnetic field, and d is the characteristic length. Parameter n = 2 corresponds to well-known Glazer model [12] , for short length/diameter lenses, while in many cases the field of a solenoid is better approximated by n = 4, which provides a more flat distribution. Let us integrate Eq. (6.1) assuming the particle radius remains constant during lens-crossing. The change in slope of particle trajectory follows from Eq. (6.1):
In the near-axis approximation, the longitudinal field component is a weak function of radius, therefore one can assume:
, .
(6.5)
Under this approximation, equation (6.4) can be rewritten in more common way:
, (6.6) where the focal length f and spherical aberration coefficient are determined by the expressions
More specifically, the focal length is determined by Eq. (2.1) with the effective length of the solenoid, D:
Calculation of the spherical aberration coefficient gives [11] :
The performed analysis corresponds to a weak focusing regime, when the radius of particle changes insignificantly while passing through the lens. In many applications, the spherical aberration coefficient can be expressed through solenoid sizes as [13] , (6.11) where is the pole piece diameter and S is the solenoid pole gap width.
EFFECT OF SPHERICAL ABERRATION ON BEAM EMITTANCE GROWTH
Let us estimate the emittance growth of a beam during it's passage through the lens. We assume that the position of the particle is not changed while crossing the lens, and only the slope of the particle trajectory is altered. The transformation of particle variables before to after lens-crossing is given by:
(7.1)
Suppose, initial phase space volume is bounded by the ellipse
To find the deformation of the boundary of the beam phase space after passing through the lens, let us substitute the inverse transformation , into the ellipse equation, Eq. (7.2). The boundary of the new phase space volume, occupied by the beam after passing through the lens at phase plane is given by:
Let us introduce new variables (T, y) arising from the transformation:
In terms of new variables, the shape of the beam emittance after lens-crossing is , (7.6) where the following notation is used . (7.7)
Without nonlinear perturbations, and Eq. (7.6) describes a circle in phase space. Conversely, if , Eq. (7.6) describes an S -shape distorted figure of beam emittance (see Fig. 6 ). Filamentation of beam emittance in phase space is a fundamental property of a beam affected by aberrations.
Being symplectic in nature, the transformation, Eq. (7.1), conserves phase-space area . Conservation of phase space area enclosed by the deformed circle is also confirmed numerically: .
(7.8)
While phase space area occupied by the beam before and after the lens are the same, the effective area, occupied by the beam, increases as a result of the encounter. Let us determine the increase in effective beam emittance as a square of the product of minimum and maximum values of T:
The values Tmax, Tmin are determined numerically from Eq. (7.6) (see Fig. 7 ). Dependence of the emittance growth on the parameter u is shown in Fig. 8 . Qualitatively, this relationship can be approximated by the function: 10) where the parameter K ≈ 0.4. Substitution of Eq. (7.7) into Eq. (7.10) gives the following expression for effective beam emittance growth: . (7.11) Equation (7.11), was tested numerically for a round beam with different particle distributions (see Fig.  9 ). Simulations were performed with macroparticle code BEAMPATH [14] . As a measure of effective beam emitance, the four-rms beam emittance was used and a two-rms beam size was used as a measure of the beam radius:
, . (7.12) Simulations confirm that dependence, Eq. (7.11), is valid for four-rms beam emittance, although the coefficient K depends on the beam distribution (see Table 1 ). Generally, the value of K is smaller than that determined above, except for the case of a Gaussian distribution.
SPACE CHARGE INDUCED BEAM EMITANCE GROWTH IN DRIFT SPACE
Non-linear space charge forces inherent to a non-uniform beam act on the beam as a non-linear lens. Analysis developed in Section 7 can be applied to determine space-charge induced beam emittance growth. Consider the initial stage of beam drift in free space at a certain distance z, where radial particle positions are not changed significantly, but the momentum distribution is already affected by the space charge field of the beam, . Change in the radial slope of the particle trajectory is given by . Parameter , Eq. (7.7), which determines the effect of spherical abberation on the beam emittance is therefore The parameter was determined numerically for different distributions (see Fig. 10 ). Results are summarized in Table 1 . As follows from Eq. (8.5), initial emittance growth does not depend on initial beam radius. The same result was obtained in Ref. [15] for a waterbag distribution with ' = 0.
SUMMARY
In this work, we have determined matched beam transport conditions for a periodic structure of focusing solenoids in both, emittance-dominated and space-charge-dominated regimes. A closed-form expression for the maximal limited beam current and beam emittance growth in the considered structure were obtained. The developed analysis can be applied to beam matching in a typical solenoid focusing channels. 
